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Abstract
A formulation of NT = 1, D = 8 Euclidean super Yang–Mills theory with generalized self–
duality and reduced Spin(7)–invariance is given which avoids the peculiar extra constraints
of Ref. [7]. Its reduction to seven dimensions leads to the G2–invariant NT = 2, D = 7
super Yang–Mills theory which may be regarded as a higher–dimensional analogue of the
NT = 2, D = 3 super–BF theory. When reducing further that G2–invariant theory to three
dimensions one gets the NT = 2 super–BF theory coupled a spinorial hypermultiplet.
1 Introduction
Recent developments in string duality and compactifications of M–theory renewed the interest
in those field theories in dimensions D > 4 whose low energy effective action turns out to
be (essentially) that of dimensionally reduced supersymmetric gauge theories. Such theories
may arise naturally on the world volumes of Euclidean D–branes wrapping manifolds of special
holonomy. In particular, compactifications of D = 11 supergravity on compact Joyce seven–
and eight–folds with G2 and Spin(7) holonomy, respectively, have attracted some attention [1].
Moreover, independent of that development, it has been shown [2, 3, 4] how the notion of
topological quantum field theories [5] or, more specifically, cohomological gauge theories being
related to supersymmetric gauge theories by twisting, can be extended to dimensions greater
than four. Such higher–dimensional (untwisted) cohomological theories are obtained when Eu-
clidean supersymmetric gauge theories are considered on manifolds with reduced holonomy group
H ⊂ SO(D). These theories, which have a rather intriguing structure, localize onto the moduli
space of certain generalized, higher–dimensional self–duality equations [6].
Recently, Euclidean super Yang–Mills theory (SYM) with generalized self–duality was ex-
plicitly established both in eight and seven dimensions with the SO(8) and SO(7) rotation
invariance being broken down to Spin(7) and G2, respectively [7]. In four dimensions the main
ingredient connecting self–duality with simple or extended supersymmetry is the chirality of
fermions [8]. In Ref. [7] it has been verified that in the case of generalized self–duality in D > 4
one needs, in addition to usual chirality, certain constraints on the supersymmetry parameters.
Moreover, these extra constraints for the G2–invariant theory can not be obtained from the
Spin(7)–invariant theory in eight dimensions via simple dimensional reduction.
In this Letter we will re–analyse that problem, thereby relaxing the reality condition on
fermions. We explicitly verify that when hermiticity in Euclidean space is abandoned — which
bears no problem here since hermiticity is primarily needed to ensure unitarity in Minkowski
space — chirality of fermions is a consistent and sufficient constraint being compatible with
generalized self–duality, Spin(7)–invariance and octonionic algebra. Then, in fact, the G2–
invariant theory can be obtained by ordinary dimensional reduction. Moreover, that theory has
a nice interpretation: It may be regarded as the seven–dimensional analogue of the NT = 2,
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D = 3 super–BF theory [9], just as the Spin(7)–invariant theory may be regarded as the eight–
dimensional analogue of the NT = 1, D = 4 Donaldson–Witten theory [3]. Namely, replacing
in the G2–invariant theory the octonionic through the quaternionic structure constants and
considering all the fields as three–dimensional ones one gets exactly the NT = 2, D = 3 super–
BF theory (without matter). On the other hand, compactifying the G2–invariant theory down
to three dimensions gives the NT = 2, D = 3 super–BF theory with matter.
2 Spin(7)–invariant, NT = 1, D = 8 Euclidean SYM
Now, let us formulate the Spin(7)–invariant NT = 1, D = 8 SYM without requiring the reality
condition for the fermions. Thereby, we avoid the subtlety of Ref. [7] which is associated with
the compatibility of dimensional reduction (from eight to seven dimensions) and generalized
self–duality (in seven dimensions).
First, we introduce the SO(8)–invariant action of the Euclidean N = 2, D = 8 SYM by
ordinary dimensional reduction of the Minkowskian N = 1, D = 10 SYM [10] and subsequent
Wick rotation into the Euclidean space. Its field content consists of an anti–hermitean vector
field Aa (a = 1, . . . , 8), 16–component chiral and anti–chiral Weyl spinors, λ and λ¯, respectively,
and scalar fields φ and φ¯, all of them taking their values in the Lie algebra Lie(G) of some
compact gauge group G. As a result, one obtains
S(N=2) =
∫
E
d8x tr
{
1
4F
abFab + 2λ¯Γ
aDaλ− 2D
aφ¯Daφ
+ 2λTC−18 [φ, λ] − 2λ¯C8[φ¯, λ¯
T ]− 2[φ¯, φ]2
}
, (1)
where Fab = ∂[aAb] + [Aa, Ab] and Da = ∂a + [Aa, · ] and C8 is the charge conjugation
matrix, C−18 ΓaC8 = −Γ
T
a . For the moment, we do not specify the SO(8) matrices Γa explicitly,
1
2{Γa,Γb} = δabI16.
The action (1) is invariant under the following supersymmetry transformations
δAa = ζ¯Γaλ− λ¯Γaζ,
δφ = ζ¯C8λ¯
T ,
δφ¯ = λTC−18 ζ,
δλ = −14Γ
abζFab + Γ
aC8ζ¯
TDaφ¯− ζ[φ, φ¯],
δλ¯ = 14 ζ¯Γ
abFab − ζ
TC−18 Γ
aDaφ− ζ¯[φ¯, φ]. (2)
Here, ζ and ζ¯ are constant chiral and anti–chiral Weyl spinors, respectively, with Γ9 ζ = −ζ,
where Γ9 := Γ1 · · ·Γ8, and Γab =
1
2 [Γa,Γb] are the generators of SO(8) rotations.
In order to get from (1) a cohomological action with an underlying NT = 1 equivariantly
nilpotent shift symmetry we break down the Euclidean rotation group SO(8) to Spin(7), i.e.,
we replace the SO(8) matrices by the standard embedding Γa = (ΓA,Γ8), A = 1, 2, . . . , 7, of
Spin(7) into SO(8). In this representation we have (see, e.g., [6])
ΓA =
(
0 −i(γA)αβ
i(γA)αβ 0
)
, Γ8 =
(
0 δαβ
δαβ 0
)
, Γ9 =
(
δαβ 0
0 −δαβ
)
, (3)
and for the charge conjugation matrix we may choose C8 = Γ9. The 7 imaginary antisymmetric
Spin(7) matrices (γA)αβ (α = 1, . . . , 8) are defined by
(γA)B8 = iδAB , (γA)BC = iΨABC , 1 ≤ A,B,C ≤ 7,
2
with ΨABC being the G2–invariant, totally antisymmetric structure constants which enter into
the division algebra of the imaginary octonions [11, 12]. Their non–vanishing components are
Ψ123 = Ψ246 = Ψ435 = Ψ367 = Ψ651 = Ψ572 = Ψ714 = 1.
Besides, we introduce the dual octonionic structure constants, ΦABCD = −
1
6ǫABCDEFGΨ
EFG,
which, together with
Φ8ABC = ΨABC , (4)
define the 8–dimensional Spin(7)–invariant self–dual Cayley tensor Φabcd =
1
24ǫabcdefghΦ
efgh.3
The non–vanishing components of this tensor are
Φ1238 = Φ2468 = Φ4358 = Φ3678 = Φ6518 = Φ5728 = Φ7148 = −1,
Φ4567 = Φ3751 = Φ6172 = Φ5214 = Φ7423 = Φ1346 = Φ2635 = −1.
Below, we also need the following basic relations [13],
ΨABEΨCDE = δ
[A
Cδ
B]
D +Φ
AB
CD,
ΨABFΦCDEF =
1
2Ψ
[A
[CDδ
B]
E],
ΦABCGΦDEFG = δ
[A
Dδ
B
Eδ
C]
F +
1
4Φ
[AB
[DEδ
C]
F ] −Ψ
ABCΨDEF . (5)
With the representation (3) of the SO(8) matrices Γa = (ΓA,Γ8) we get the generators
Γab = (ΓAB ,ΓA8) of the SO(8) rotations as follows,
ΓAB =
(
(γAB)αβ 0
0 (γAB)αβ
)
, ΓA8 =
(
−i(γA)αβ 0
0 i(γA)αβ
)
,
where (γAB)αβ are the antisymmetric Spin(7) generators,
(γAB)C8 = ΨABC , (γAB)CD = δACδBD − δADδBC −ΦABCD.
Now, let us construct the Spin(7)–invariant action. First, we write the Weyl spinors as
λ = −Γ9λ =
(
0
λα
)
, λ¯ = λ¯Γ9 = (λ¯α, 0),
and consider, in Euclidean space, λα and λ¯α as two independent 8–component spinors. Hence,
λ and λ¯ are no longer subjected to the reality condition. More precisely, just as in Minkowski
space, we take the adjoint spinor as λ¯ = λ†Γ8 = (λ
†
α, 0) and, afterwards, we drop the reality
condition between λ and λ¯. In addition, for clarity, we change notation as λ†α = λ¯α.
Next, we introduce a Spin(7)–octet of vector fields ψa, which is obtained from the 8–spinor
λ¯α by identifying the spinor index α with the vector index a, i.e., ψa = λ¯α (a, α = 1, . . . , 8), a
Spin(7)–septet of self–dual tensor fields, χab =
1
6Φabcdχ
cd, and a Spin(7)–singlet scalar field η,
which are obtained from the 8–spinor λα = (λA, λ8) according to χA8 = λA, χAB = ΨACBλC
and η = λ8, respectively.
Then, after substituting in the action (1) for Γa the representation (3), replacing C8 through
Γ9, and introducing the fields η, ψa and χab, one gets the following Spin(7)–invariant action,
S
(NT=1)∣∣Spin(7)⊂SO(8) =
∫
E
d8x tr
{
1
4F
abFab − 2D
aφ¯Daφ− 2χ
abDaψb + 2ηD
aψa
+ 2φ¯{ψa, ψa}+
1
4φ{χ
ab, χab}+ 2φ{η, η} − 2[φ¯, φ]
2
}
. (6)
3By the help of Φabcd one can define Spin(7) as that subgroup of SO(8) whose action on the 8–dimensional
Euclidean space preserves the Cayley four–form Φ = 1
24
Φabcd dx
a
∧ dxb ∧ dxc ∧ dxd.
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Furthermore, from (2), decomposing the (anti)chiral spinors ζ and ζ¯ in the same manner as
λ and λ¯ and performing the same replacements as before, after a straightforward but lengthy
calculation, one gets the following on–shell supersymmetry transformations:
QAa = ψa, Qψa = Daφ,
Qφ = 0, Qφ¯ = η,
Qη = [φ¯, φ], Qχab =
1
4ΘabcdF
cd, (7)
QaAb = δabη + χab, Qaψb = Fab −
1
4ΘabcdF
cd + δab[φ, φ¯],
Qaφ = ψa, Qaφ¯ = 0,
Qaη = Daφ¯, Qaχcd = ΘabcdD
bφ¯ (8)
and
QabAc = −Θabcdψ
d, Qabψc = ΘabcdD
dφ,
Qabφ = 0, Qabφ¯ = χab,
Qabη = −
1
4ΘabcdF
cd, Qabχcd =
1
4ΘabegΘ
g
cdf F
ef +Θabcd[φ¯, φ]. (9)
Here, we have introduced the (unnormalized) projector
Θabcd = δacδbd − δadδbc +Φabcd,
1
8ΘabefΘ
ef
cd = Θabcd, (10)
which projects any antisymmetric second rank tensor onto its self–dual part 7, according to the
decomposition 28 = 7⊕ 21 of the adjoint representation of SO(8) ∼ SO(8)/Spin(7)⊗ Spin(7).
In order to verify that the transformations (7) – (9) really leave the action (6) invariant, one
needs the following two identities,
1
2(ΘabegΘ
g
cdf −ΘabfgΘ
g
cde ) = −Θefacδbd +Θefadδbc +Θefbcδad −Θefbdδac
+Θabceδdf −Θabdeδcf −Θabcfδde +Θabdf δce
−Θcdaeδbf +Θcdbeδaf +Θcdafδbe −Θcdbfδae,
1
2(ΘabegΘ
g
cdf +ΘabfgΘ
g
cde ) = Θabcdδef , (11)
which encode all of the algebraic properties of the structure constants ΨABC and ΦABCD being
displayed in Eqs. (4) and (5). Moreover, by the help of (11), one can check that the transfor-
mations (7) – (9) satisfy the following superalgebra on–shell,
{Q,Q}
.
= −2δG(φ), {Q,Qa}
.
= ∂a + δG(Aa), {Qa, Qb}
.
= −2δabδG(φ¯),
{Q,Qcd}
.
= 0, {Qa, Qcd}
.
= Θabcd(∂
b + δG(A
b)), {Qab, Qcd}
.
= −2ΘabcdδG(φ),
where δG(ϕ) denotes a gauge transformation with field–dependent parameter ϕ = (Aa, φ, φ¯)
being defined by δG(ϕ) = −Daϕ and δG(ϕ)X = [ϕ,X] for all the other fields. (The symbol
.
=
means that the corresponding relation is fulfilled only on–shell.)
Finally, by adding to (6) a topological term,
S(NT=1) = S
(NT=1)∣∣Spin(7)⊂SO(8) +
∫
E
d8x tr
{
1
8Φ
abcdFabFcd
}
,
for the cohomological action we are looking for, by virtue of (10), one immediately obtains
S(NT=1) =
∫
E
d8x tr
{
1
8Θ
abcdFabFcd − 2D
aφ¯Daφ− 2χ
abDaψb + 2ηD
aψa
+ 2φ¯{ψa, ψa}+
1
4φ{χ
ab, χab}+ 2φ{η, η} − 2[φ¯, φ]
2
}
. (12)
4
Except for some field rescalings, this is precisely the action given in Refs. [4]. Notice that, by
virtue of 18ΘabefΘ
ef
cd = Θabcd, only the self–dual part F
+
ab =
1
8ΘabcdF
cd enters into the first
term of (12).
On–shell, upon using the equation of motion of χab, the action (12) can be recast into the
Q–exact form QΨ, with the gauge fermion
Ψ =
∫
E
d8x tr
{
χab(Fab −
1
16ΘabcdF
cd)− 2ψaDaφ¯− 2[η, φ¯]φ
}
.
Here, the first term enforces the localization onto the moduli space and the third term ensures
that pure gauge degrees of freedom are projected out. The second and fourth term are typically
for the Feynman type gauge; they could be omitted, leading to the Landau type gauge.
3 G2–invariant, NT = 2, D = 7 SYM with global SU(2) symmetry
After having established the Spin(7)–invariant NT = 1, D = 8 SYM — without introducing
extra constraints — the G2–invariant NT = 2, D = 7 SYM can be simply obtained by ordinary
dimensional reduction.
First, we introduce two SU(2)–doublets of scalar and vector fields, ηα and ψ αA (α = 1, 2),
and a SU(2)–triplet of scalar fields Gαβ ,
ηα =
(
ψ8
η
)
, ψ αA =
(
ψA
χA8 = −
1
6ΨABCχ
BC
)
, Gαβ =
(
φ 12A8
1
2A8 φ¯
)
,
where the spinor fields ηα and ψ αA are singlets and septets of the group G2, respectively.
4
The internal group index α is raised and lowered as follows: ϕα = ǫαβϕβ and ϕα = ϕ
βǫβα, with
ǫαγǫβγ = δ
α
β , where ǫ
αβ is the antisymmetric invariant tensor of the group SU(2).
Then, by dimensional reduction, from (12) one arrives at the following G2–invariant cohomo-
logical action with an underlying NT = 2 equivariantly nilpotent shift symmetry Q
α and global
symmetry group SU(2),
S(NT=2) =
∫
E
d7x tr
{
1
8Θ
ABCDFABFCD −D
AGαβDAG
αβ −ΨABCψAαDBψ
α
C − 2ηαD
Aψ αA
+ 2Gαβ{ψ
Aα, ψ βA }+ 2Gαβ{η
α, ηβ}+ [Gαβ , Gγδ ][G
αβ , Gγδ ]
}
. (13)
Here, analogous to (10), we have introduced the (unnormalized) projector (c.f., Eq. (5))
ΘABCD = ΨABEΨ
E
CD ,
1
6ΘABEFΘ
EF
CD = ΘABCD,
which projects any antisymmetric second rank tensor onto its self–dual part 7, according to the
decomposition 21 = 7⊕ 14 of Spin(7) ∼ Spin(7)/G2 ⊗G2.
Next, we put Q, Qa = (QA, Q8) and Qab = (QAB , QA8 = −
1
6ΨABCQ
BC) into the following
SU(2)–doublets of scalar and vector supercharges,
Qα =
(
Q
−Q8
)
, Q αA =
(
−QA8
QA
)
.
4By the help of ΨABC one can define G2 as the subgroup of SO(7) whose action on the 7–dimensional Euclidean
space preserves the associative 3–form Ψ = 1
6
ΨABC dx
A
∧ dxB ∧ dxC . Alternatively, it can be also characterized
as the maximal common subgroup of SO(7) and Spin(7), i.e., G2 = SO(7) ∩ Spin(7) [11].
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Once more, performing the same dimensional reduction, from (7) – (9) one obtains the following
on–shell supersymmetry transformations:
QαAA = ψ
α
A ,
Qαψ βA = DAG
αβ − 14ǫ
αβΨABCF
BC ,
Qαηβ = −ǫγδ[G
αγ , Gβδ ],
QαGβγ = 12ǫ
α(βηγ), (14)
and
Q αA AB = δABη
α −ΨABCψ
Cα,
Q αA ψ
β
B = −ǫ
αβFAB +
1
4ǫ
αβΘABCDF
CD +ΨABCD
CGαβ + δABǫγδ[G
αγ , Gβδ ],
Q αA η
β = DAG
αβ − 14ǫ
αβΨABCF
BC ,
Q αA G
βγ = −12ǫ
α(βψ
γ)
A . (15)
By making use of (5) one easily verifies that the above transformations satisfy the following
superalgebra on–shell,
{Qα, Qβ}
.
= −2δG(G
αβ), {Qα, Q βA }
.
= ǫαβ(∂A + δG(AA)),
{Q αA , Q
β
B }
.
= −2δABδG(G
αβ) + ǫαβΨABC(∂
C + δG(A
C)).
Furthermore, on–shell, upon using the equation of motion for ψ αA , the action (13) can be
rewritten as S(NT=2)
.
= 12ǫαβQ
αQβΩ with the gauge boson
Ω = SCS +
∫
E
d7x tr
{
ψAαψ
α
A − ηαη
α
}
, (16)
where SCS is the 7–dimensional Chern–Simons action,
SCS = −
∫
E
d7x tr
{
ΨABC(AA∂BAC +
2
3AAABAC)
}
. (17)
Let us notice that, with regard to the particular structure of Ω, in Ref. [4] the question has
been raised whether a 7–dimensional analogue of the Schwarz–type topological Chern–Simons
theory [14] exists which can be obtained directly from the action (17). However, it was pointed
out that, in contrast to the 3–dimensional case, the quantization of such an action remains an
open question because the Gauss law in the A7 = 0 gauge is not sufficient to consistently solve
the theory. Here instead, according to our construction, we observe that the action (17) appears
quite natural as the relevant part of the gauge fermion (16) in the G2–invariant Witten–type
cohomological Yang–Mills theory.
4 Dimensional reduction to three dimensions
Independently, one may ask whether the G2–invariant action (13) may be regarded as higher–
dimensional analogue of some topologically twisted action (in D ≤ 4). In this section we show
that the NT = 2, D = 3 super–BF theory [9], with a spinorial hypermultiplet coupled to it, gets
unified in the G2–invariant action of the NT = 2, D = 7 SYM.
In fact, identifying the octonionic structure constants ΨABC for 1 ≤ A,B,C ≤ 3 with the
totally antisymmetric Levi–Civita tensor ǫijk (i = 1, 2, 3) and considering all the fields as 3–
dimensional ones, we recover from that part of (13) precisely the on–shell formulation of the
6
NT = 2, D = 3 super–BF model with global symmetry group SU(2),
5
S
(NT=2)
BF =
∫
E
d3x tr
{
1
4F
ijFij −D
iGαβDiG
αβ − ǫijkψiαDjψ
α
k − 2ηαD
iψ αi
+ 2Gαβ{ψ
iα, ψ βi }+ 2Gαβ{η
α, ηβ}+ [Gαβ , Gγδ ][G
αβ , Gγδ ]
}
. (18)
In addition, let us (formally) replace the structure constants ΨiAB and δAB for 4 ≤ A,B ≤ 7
by i(σi)abǫ
αβ and −ǫabǫ
αβ, respectively, σi = (σi)
b
a being the Pauli matrices, and let us put AA
and ψ αA for 4 ≤ A ≤ 7 into the SU(2)–doublets M
α
a and λ
αβ
a (a = 1, 2), respectively. Then,
after dimensional reduction to three dimensions, from that remaining part of (13) one gets the
following action with global symmetry group SU(2)⊗ SU(2),6
S(NT=2) = S
(NT=2)
BF +
∫
E
d3x tr
{
iλaαβ(σ
i)abDiλ
αβ
b −
1
2D
iMaαDiM
aα
+ 2iλaαβ(σ
i)ab[ψ αi ,M
β
b ] + 2λaαβ [η
α,Maβ ]
− 2ǫγδGαβ{λ
αγ
a , λ
aβδ}+ [Gαβ ,Maγ ][G
αβ ,Maγ ]
}
, (19)
where the relations (σi)
c
a (σj)
b
c = δijδ
b
a +iǫijk(σ
k) ba and (σ
i) ba (σi)
d
c = ǫacǫ
bd−δ da δ
b
c are used.
The action (19) describes the NT = 2, D = 3 super–BF model with matter (M
α
a , λ
αβ
a ) in the
adjoint representation. It may be regarded as the dimensionally reduced non–Abelian version
of the Seiberg–Witten (monopole) theory.
The full set of on–shell supersymmetry transformations which leave (19) invariant reads,
QαAi = ψ
α
i , Q
αψ βi = DiG
αβ − ǫαβBi,
Qαηβ = −ǫγδ[G
αγ , Gβδ ], QαGβγ = 12ǫ
α(βηγ),
QαM βa = λ
αβ
a , Q
αλ βγa = −[G
αβ ,M γa ]− ǫ
αβC γa ,
Q αi Aj = δijη
α − ǫijkψ
kα, Q αi ψ
β
j = −ǫ
αβFij + δijǫγδ[G
αγ , Gβδ] + ǫijk(D
kGαβ + ǫαβBk),
Q αi η
β = DiG
αβ − ǫαβBi, Q
α
i G
βγ = −12ǫ
α(βψ
γ)
i ,
Q αi M
β
a = −i(σi)abλ
bαβ , Q αi λ
βγ
a = −ǫ
αβDiM
γ
a − i(σi)ab([G
αβ ,M bγ ]− ǫαβCbγ),
and
Q αβa Ai = i(σi)abλ
bαβ ,
Q αβa ψ
γ
i = ǫ
αγDiM
β
a + i(σi)ab([G
αγ ,M bβ ]− ǫαγCbβ),
Q αβa η
γ = −[Gαγ ,M βa ]− ǫ
αγC βa ,
Q αβa G
γδ = −12ǫ
α(γλ δ)βa ,
Q αβa M
γ
b = −ǫabǫ
βγηα − i(σi)abǫ
βγψ αi ,
Q αβa λ
γδ
b = −ǫ
αγ [M βa ,M
δ
b ]− ǫab[G
α[β , Gδ]γ ] + i(σi)abǫ
βδ(DiG
αγ + ǫαγBi),
with the abbreviations Bi =
1
4(ǫijkF
jk + iǫαβ(σi)ab[M
aα,M bβ]) and C αa = −
1
2 i(σ
i)abDiM
bα.
5After introducing in (18) an auxiliary field Bi via its equation of motion, Bi =
1
4
ǫijkF
jk, one recognizes the
usual off–shell formulation of the NT = 2 super–BF theory (without matter).
6In order to recast the (complex) matrices i(σi)abǫ
αβ into the (real) octonionic structure constants ΨiAB one
has to perform an appropriate redefinition of M αa and λ
αβ
a .
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These transformations obey the following superalgebra on–shell,
{Qα, Qβ}
.
= −2δG(G
αβ), {Qα, Q βi }
.
= ǫαβ(∂i + δG(Ai)),
{Q αi , Q
β
j }
.
= −2δijδG(G
αβ) + ǫαβǫijk(∂
k + δG(A
k)),
{Qα, Q βγa }
.
= ǫαβδG(M
γ
a ), {Q
α
i , Q
βγ
a }
.
= iǫαβ(σi)abδG(M
bγ),
{Q αγa , Q
βδ
b }
.
= 2ǫabǫ
γδδG(G
αβ) + iǫαβǫγδ(σi)ab(∂i + δG(Ai)).
On–shell, upon using the equations of motion for ψ αi and λ
αβ
a , the action (19) can be recast
into the form S(NT=2)
.
= 12ǫαβQ
αQβΩ with the gauge boson
Ω = SCS +
∫
E
d3x tr
{
i(σi)abMaαDiM
α
b + λ
a
αβλ
αβ
a + ψ
i
αψ
α
i − ηαη
α
}
,
where SCS is the 3–dimensional Chern–Simons action [14],
SCS = −
∫
E
d3x tr
{
ǫijk(Ai∂jAk +
2
3AiAjAk)
}
.
Summarizing, we have shown that, in the Euclidean space, when relaxing the reality con-
straint on fermions, then generalized self–duality, simple supersymmetry, Spin(7) invariance
and octonionic algebra are compatible with each other and with chirality in eight dimensions,
just as self–duality and supersymmetry are compatible with usual chirality in four dimensions.
Additionally, we have observed that the fields of the gauge and spinorial hypermultiplet of the
NT = 2, D = 3 super BF–theory with matter gets unified in the fields of the gauge multiplet of
the G2–invariant NT = 2, D = 7 super Yang–Mills theory.
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